Using a nonlocal field transformation for the gauge field known as Cho-Faddeev-Niemi-Shabanov decomposition we derive a family of infinitely many conserved currents in the self-dual sector of SU (2) Yang-Mills theory.
Introduction
A powerful tool in the theory of topological solitons is the derivation of lower bounds for the energy (or Euclidean action) in terms of topological charges. Together with these bounds, in some cases one may derive first order equations (so-called Bogomolny equations) such that any field configuration obeying these Bogomolny equations automatically saturates the topological lower bound and is a true minimizer of the energy (or Euclidean action) functional. Obviously, any field configuration obeying the Bogomolny equations automatically obeys the original second order Euler-Lagrange equations, whereas the converse is not true in general.
In addition to providing true minimizers of the energy functional, these Bogomolny equations, due to their more restrictive nature, tend to enhance the number of symmetries and conservation laws. Sometimes, there exist infinitely many symmetries and infinitely many conservation laws for the Bogomolny equations. Further, the Bogomolny equations are usually not of the Euler-Lagrange type, therefore for those symmetries which are not symmetries of the original second order system, the issue of conservation laws has to be investigated separately, that is, Noether's theorem does not apply. A theory where this happens is, for instance, the CP(1) model in 2+1 dimensions. For this theory both the infinitely many symmetries and the infinitely many conservation laws of the Bogomolny sector have been calculated, e.g., in [1] , and, indeed, they turn out to be different. Similar investigations for gauge theories have been performed recently. In the case of the Abelian Higgs model, an equivalent pattern has been found, i.e., there are infinitely many conserved currents in the Bogomolny sector, and Noether's theorem does not apply, see [2] . A slightly different scenario is realized in the Abelian projection of Yang-Mills dilaton theory. There, too, exists a Bogomolny sector, but this theory has infinitely many symmetries already on the level of the Lagrangian, therefore the symmetries and conservation laws are related by Noether's theorem, see [3] .
In the case of SU(2) Yang-Mills theory, the solutions which minimize the Euclidean action functional are known as instantons, and the Bogomolny type first order equations are the self-duality equations [4] - [7] .
The symmetries of the self-dual sector of SU(2) Yang-Mills theory have been studied by various authors. The result is that the system posesses infinitely many symmetries and that almost all of them are nonlocal when expressed in terms of the original fields. A recent review of this issue can be found in [8] , to which we refer the reader for further information and references. Conservation laws of self-dual Yang-Mills theory have been investigated, e.g., in [9] , where it was shown that the self-dual equations permit a generalized zero curvature representation, analogously to the zero curvature representation of Zakharov and Shabat, which provides integrable field theories in 1+1 dimensions. But still only finitely many conservation laws have been provided for self-dual Yang-Mills theory in Ref. [9] . It is the purpose of this letter to further develop the issue of integrability and conservation laws of the self-dual sector of SU(2) Yang-Mills theory. We will find that there are infinitely many conservation laws, by explicitly constructing them. The corresponding conserved currents are nonlocal in terms of the original Yang-Mills field, but they will be local in terms of a well-known nonlocal field redefinition which we shall use in the sequel. Given the relevance of self-dual Yang-Mills theories both for strong interaction physics and in a more mathematical context, we believe that the discovery of these conserved currents is of considerable interest.
We want to remark that in a recent paper devoted to similar problems [10] , an investigation of integrability in the sector of Z N string solutions of Yang-Mills theory has been performed. Z N string solutions are effectively lower dimensional solutions, but, nevertheless, they also belong to the self-dual sector. Further, the integrability of self-dual Yang-Mills theories on certain four-dimensional product manifolds has been used in [11] , [12] to demonstrate the integrability of abelian and nonabelian Higgs models on general Riemannian surfaces.
Our paper is organized as follows. In Section 2 we briefly recapitulate how the self-dual sector of SU(2) Yang-Mills theory may be recast into the form of the generalized zero curvature representation. In Section 3 we introduce the Cho-Faddeev-Niemi-Shabanov (CFNS) decomposition of the gauge field and re-express the self-dual equations using this decomposition. Next, we write down the currents in terms of the decomposition fields and prove that they are conserved. In the appendix we display the canonical four momenta and field equations which we need in the main text.
Generalized integrability in the self-dual sector
Here, following [9] , we briefly describe the self-dual sector of SU (2) Yang-Mills theory in the language of generalized integrability. The basic step in this framework is the choice of a reducible Lie algebraG = G ⊕ H, where G is a Lie algebra and H is an Abelian ideal (in practice, a representation space of G), together with a connection A µ ∈ G and a vector field B µ ∈ H. A system possesses the generalized zero curvature representation if its equations of motion may be encoded in two conditions. Namely, the flatness of the connection
and the covariant constancy of the vector field
Usually, one assumes a trivial connection i.e., A µ = g −1 ∂ µ g, where g ∈ G. In this case, one can easily construct conserved currents
We say that a system is integrable if the number of currents is infinite. As it is equal to the dimension of the Abelian ideal H, the integrability condition is simply dim H = ∞. Let us now express the self-dual equations of SU (2) YM in this manner. The self-dual sector of SU (2) YangMills theory in Euclidean space-time is constituted by gauge fields A a µ satisfying the following equations
where
It is convenient to rewrite them as
where the new independent variables are defined as
Defining the self-dual gauge fields as
we identically fulfill the first two equations in (5). Here, g 1 , g 2 are arbitrary group elements in SU (2) . Then the third expression leads to a nontrivial equation
In other words, solutions of the self-dual sector are defined by Eq. (7). What we are going to do is to express this equation in the framework of the generalized integrability. In order to accomplish that we introduce a flat connection A µ and a covariantly constant vector B µ taking values in an Abelian ideal in the following way
where T r , S r form a basis satisfying
Obviously, the connection is flat as it is a pure gauge configuration. Moreover the condition for the vector field i.e., D µ B µ = 0 is equivalent to the self-dual equation (7). One can construct conserved currents
then, the conservation laws are just the self-dual equations (7). The common wisdom derived from (1 + 1) dimensional theories tells us that systems with the standard Zakharov-Shabat zero-curvature representation possess two important features. Namely, the existence of infinitely many exact (soliton) solutions and the existence of infinitely many conserved quantities. In the case of self-dual Yang-Mills theory the exact soliton solutions are the well known instantons. In the next part of the paper we will find the corresponding conserved currents.
3 Conserved currents in the self-dual sector
Cho-Faddeev-Niemi-Shabanov decomposition
In order to derive such conserved quantities in an exact form we perform a nonlocal change of variables known as the Cho-Faddeev-Niemi-Shabanov decomposition [13] - [18] . The decomposition
relates the original SU (2) non-Abelian gauge field with three fields: a three component unit vector field n pointing into the color direction, an Abelian gauge potential C µ and a color vector field W a µ which is perpendicular to n. The fields are not independent. In fact, as we want to keep the correct gauge transformation properties
under the primary gauge transformation
one has to impose the constraint (n
In the subsequent analysis we assume a particular form for the valence field W a µ . It is equivalent to a partial gauge fixing where one leaves a residual local U (1) gauge symmetry. Namely,
where ρ, σ are real scalars. For reasons of convenience we combine then into a complex scalar v = ρ + iσ. Then the Lagrange density takes the form (u µ ≡ ∂ µ u etc.)
and the covariant derivatives read D µ v = v µ − ieC µ v, D µ v =v µ + ieC µv and we expressed the unit vector field by means of the stereographic projection
F µν is the Abelian field strength tensor corresponding to the Abelian gauge field C µ . Notice that only the complex field v couples to the gauge field via the covariant derivative.
Self-dual equations
Now, we apply the CFNS decomposition to the self-dual equations. As we know the full field strength tensor reads
Therefore, using the self-dual equations (3) we get two expressions, one tangent and one perpendicular to the color vector n 1 2
For later convenience we now want to derive some constraints which result from these two sets of equations. On the one hand, after projection on n µ , Eq. (21) gives
On the other hand, if we multiply (21) by × n µ and project on n then we get
Both equations lead to the simple expression
and its complex conjugate. This expression just constitutes a system of linear homogeneous algebraic equations for the unknowns
In order to find all solutions of this system of equations we consider the corresponding eigenvalue problem
course, a solution exists if and only if the determinant vanishes
On the other hand one can find that
Generically there is a single eigenvalue λ = 0 corresponding to the solution
where f is an arbitrary function. However, if the complex field u obeys the complex eikonal equation u 2 µ = 0, then λ = 0 is a degenerate eigenvalue with degeneracy 2. In this case, there exists a second solution. This second solution may be expressed more easily in terms of real vectors. Indeed, if we write u = a + ib then the complex eikonal equation corresponds to
If we introduce analogously D µ v = c µ + id µ then the second solution is given by
and c
The vector D µ v = c µ + id µ is unique up to a multiplication by an arbitrary complex function, as befits the solution to a complex, homogeneous linear equation. Conditions (30), (31) imply that the complex vector
in order to be a solution of the second type. We remark that a wide class of explicitly known instanton configurations, like, e.g., the cylindrically symmetric solutions found by Witten [19] , belongs to this second case. A further possibility, u αū α = 0, which would lead to a even higher degeneracy, is physically uninteresting since it leads to the trivial solutions u = const. Taking into account formula (24) and its general solutions discussed above we find three constraints which are satisfied by all self-dual configurations
Conserved currents
Following considerations presented, e.g., in [20] - [22] , the family of conserved currents may be guessed in the following form
where G is an arbitrary function of the complex field u i.e., G = G(u,ū) and π µ is the canonical momentum (46). The four-divergence reads (G u ≡ ∂ u G etc.)
or
Taking into account thatū µπ µ = u µ π µ and the pertinent field equations (1 + |u| 2 )∂ µ π µ + 2ūπ µ u µ = 0 we get
Due to the arbitrariness of the function G the currents are conserved if u µπ µ = 0 andū µ π µ = 0. These so-called integrability conditions introduce some new relations between degrees of freedom and, in principle, do not have to be satisfied for all solutions of Yang-Mills theory. However, it turns out that in the self-dual sector both conditions hold identically. To prove it observe that
where we have used the antisymmetry of F µν and K µū µ ≡ 0. The resulting expression is just the complex conjugate of formula (35) and therefore equals zero for all configurations of the self-dual sector.
Trivially conserved currents
Using this method we are able to construct more families of infinitely many conserved quantities in self-dual Yang-Mills theory, which are based on other canonical momenta. They are given by the expressions
where the function H = H(u,ū, vv) while the functionsG,H depend on the moduli onlyG =G(uū, vv),H = H(uū, vv). However, all these currents are trivially conserved. To see this let us analyze the first family in detail. First of all observe that it may be written as
where the prime denotes the derivative w.r.t. vv. Using the self-dual equations we find that
Therefore, these currents are conserved entirely due to the antisymmetry of the ǫ αµβγ tensor. Analogously one can check that the two remaining families are trivially conserved, as well.
Here we calculate the canonical momenta
and finally
The pertinent equations of motion for the complex u field read
∂ µπ µ = Lū = −16iu 1 − |v|
while for the complex v field we get
∂ µP µ = Lv = −8iv (1 + |u| 2 ) 2 F µν u µūν + 2 · 8v(1 + |v| 2 ) (1 + |u| 2 ) 4 (u µū µ ) 2 − u 2 µū
The equation for the Abelian gauge field has the form
